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ABSTRACT

This paper addresses the use of multiplicative iterative algorithms to compute the abundances in unmixing of
hyperspectral pixels. The advantage of iterative over direct methods is that they allow incorporation of positivity and
sum-to-one constraints of the abundances in an easy fashion while also alowing better regularization of the solution for
theill-conditioned case. The derivation of two iterative algorithms based on minimization of least squares and Kulback-
Leibler distances are presented. The resulting algorithms are the same as the ISRA and EMML algorithms presented in
the emission tomography literature respectively. We show that the ISRA algorithm and not the EMML algorithm
computes the maximum likelihood estimate of the abundances under Gaussian assumptions while the EMML algorithm
computes a minimum distance solution based on the Kulback-Leibler generaized distance. In emission tomography, the
EMML computes the maximum likelihood estimate of the reconstructed image. We also show that, snce the unmixing
problem isin general overconstrained and has no solutions, acceleration techniques for the EMML a gorithm such asthe
RBI-EMML will not converge.
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1 INTRODUCTION

Hyperspectral sensors collect hundreds of narrow and contiguously spaced spectral bands of data organized in the so-
caled hyperspectral cube. Hyperspectral imagery provides fully registered spatial and high-resolution spectral
information that is invaluable in discriminating between objects since they have unique spectra signatures that are
captured by the data. The spatial resolution of most HSI flown nowadays is larger than the size of the objects being
observed; in this case the high spectral sensor resolution can be used to detect and classify subpixel objects by their
contribution to the measured spectral signal. The problem of interest is to decompose the measured reflectance (or
radiance) into its basic elements. Thisisthe so-called unmixing problem [1] in HSI. Spectral unmixing is the procedure
by which the measured spectrum of a pixel is decomposed into a collection of constituent spectra, or endmembers, and a
set of corresponding fractions or abundances

This paper addresses the use of multiplicative iterative algorithms to un-mix hyperspectral pixels. The advantage of
iterative over direct methods is that they allow incorporation of positivity and sum-to-one constraints in an easy fashion
while also allowing better regularization of the solution for the ill-conditioned case. Issues associated with iterative
algorithms deal with convergence to the right solution and the actual speed of convergence. For iterative algorithmsto be
a feasible alternative to process HSI data it is important that they have fast convergence rate with low computational
requirements.

The recent paper [2] considered the use of the so-called EMML and RBI-EMML algorithms, developed for the
maximum likelihood reconstruction of emission tomography images [3, 4], to solve the unmixing problem. These
algorithms have the advantage of producing abundance estimates that meet positivity as well as, with proper scaling,
sum-to-one constraints that the abundances need to meet. The main focus of that work was the RBI-EMML [4]
algorithm because of its significantly faster convergence rate when compared to the original EMML algorithm [3].
Simulation results presented in [2] showed that the RBI-EMML took about three orders of magnitude fewer iterations
(from hundreds of thousand to hundreds) than EMML for the same problem. The derivation of the EMML approach for
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unmixing presented in [2] is based on a manipulation of Bayes' theorem, which was originally proposed in [5]. Here, we
take a different approach by looking at the unmixing problem as a constrained prediction error minimization problem
where the error between the measured spectra and its prediction by the endmembers is minimized by minimizing a
distance (or generalized distance) metric. We show that the EMML algorithm of [3] is an iterative algorithm to minimize
the prediction error using Kullback-Leibler (KL) generalized distance. Furthermore, we also show that maximum
likelihood estimation of the abundances leads to a constrained least squares (LS) estimation problem for which
algorithms similar to the EMML can be derived. In particular, we present an EMML like iterative estimation algorithm
for the abundances called in the emission tomography literature the image space reconstruction agorithm (ISRA). The
ISRA algorithm was originally introduced in [6]. It turns out, that both of these algorithms are examples of
multiplicative iterative algorithms which are used in many applications such as convex optimization problems [7],
solution of symmetric linear complementary problems[8], determining positive solutions to nonlinear equations [9], and
signal reconstruction problems with positivity constraints [10]. In the course of thisreport, we will use the name EMML
to refer to the algorithm of [3] and its variants athough for the unmixing problem the correct maximum likelihood
estimator isthe ISRA agorithm (which we will continueto call ISRA).

Section 2 of the paper reviews the linear mixing model for measured spectrain HSl. Section 3 discusses the abundance
estimation problem as prediction error and maximum likelihood problems, and derives the basic EMML and ISRA
algorithms. Convergence properties of the basic algorithms are discussed in Section 4 and it is shown there that dow
convergenceis due to the fact that these algorithms are gradient type of algorithmsthat are known for slow convergence.
Acceleration methods are discussed in Section 5. Conclusions are given in Section 6.

2  MIXING MODEL

Analytical models for the mixing of materials provide the basis for the development of techniques to recover estimates
of the constituents and their proportions from mixed pixels. In the typical mixing process, the surface is portrayed as a
checkerboard mixture. The incident light interacts with the surface and the received light conveys the characteristics of
the media in a proportion equal to the area covered by the endmembers and the reflectivity of the media. The typical
model for such interaction is given by [1]

b= xa+w=Ax+w o)

i=1
where be RT is the pixel of interest, 3 is the spectral signature of the i-th endmember, x; is the corresponding
fractional abundance, w is the measurement noise, m is the number of spectral channel, and n is the number of
endmembers. Thematrix Ae R isthe matrix of endmembersand xe R isthe vector of spectra abundances. Notice

that all elements of b, A, and x are constrained to be positive and in =1. Typically m>n so we are dealing with an
i=1

overconstrained linear system of equations. Thisis called in the literature [1] the linear mixing model (LMM). There are

other potential model s that are discussed in [1] and references therein.

3 PARAMETER ESTIMATION

For most applications, the measurement noise w in (1) is assumed to be independent identically distributed white
Gaussian noise. That is

w~N(0,67)
where | is the mxm identity matrix and o is the noise variance. The maximum likelihood estimate of x based on b is
then given by

X= argmxirﬂAx— b"i )

subject tox >0and )" x, =1
i=1
where X isthe estimate of x, and || ||, is the Euclidean norm.
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Direct solutions to the unconstrained problem and the sum-to-one constrained problem are described in the literature see
for instance [11]. For the non-negative least squares (NNLS) problem, only iterative methods can be used. The most
used algorithm for the NNLS is an active set strategy described in [11]. Later on we will present multiplicative iterative
algorithms to solve this problem.

We could have arrived at LS minimization by plain curve fitting with no statistical considerations. This deterministic
formulation allows us to look at the problem of estimating x as a problem of minimizing a measure of the difference
between the measured pixel and the prediction of the pixel value based on the selected endmembers.

In this context, the abundance estimation can be reformulated as follows
% =argminD(b, Ax)
: ) )
subject tox >0and " x, =1
i=1
where D(e,9) is a distance (or generalized distance) function. Different distance measures lead to different optimization
problems with different properties from the point of view of algorithm devel opment and implementation.

A distance function that will lead to the unmixing algorithm presented by [2] isthe Kullback-Leibler distance function or
Cross-Entropy, derived from Shannon’s Entropy using the Bregman function formalism [12]. The reader is referred to
[12] for more information on Bregman’'s functions and distances. The Kullback-Leibler distance between two non-
negative vectorsis given by

KL(b,c)= Zm:[bi Iog(%]+ c - bi]

i=1 i
Notice that KL isnot a distance in the usua sense since it does not obey the triangular inequality nor isit symmetric. A
useful property for KL (and LS as well) is that it is a convex function. Based on this distance we can re-write (3) as
follows
% =argminKL(b,Ax)
‘ ) (4)
subject tox >0and " x, =1
i=1
In the rest of this presentation, we will ignore the sum to one constraint. It turns out that the KL cost function in
equation (4) is the negative of the log likelihood function for the Poisson statistical model used in emission tomography
(ET) [3].

31 TheEMML Algorithm

The EMML agorithm was introduced by [3] for image reconstruction in ET. This adgorithm is an iterative procedure to
minimize (4). In [2], it was suggested to use this algorithm to tackle the spectral unmixing problem. Here, we will re-
derive the agorithm as an algorithm for the distance minimization problem (4). Notice that, under the assumption of
white Gaussian noise, the “correct” maximum likelihood estimation approach for (1) isgiven by (2).

Let the Lagrangian function for (4) be given by
L(x,n)=KL(b,Ax)—p"x
The necessary and sufficient conditions (because of convexity of the KL distance and R ) for optimality are derived in
[13] and given next. If x isaminimum of (4), then there exists u=0 such that
—aLa(:;") =;a{1—%}uj =0
ux; =0
wherej=1,2, ...,n and u=0. Solving for p resultsin
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u b, ()
Z[ aiTXJ&J
From this equation, we can seethat if =0, w;=0 and if x>0 then w;=0. The EMML equation is obtained by solving for x;
in (4)
m o (6)

Theiterative EMML algorithmis given by

: i & (7)

where >”<;‘ is the estimate of the abundance of the j-th endmember at the k-th iteration. Notice that thisis a multiplicative

iterative algorithm [7,10,8,9] since the next iterate is the current iterate multiplied by a scaling factor. Furthermore
notice, dueto the positiveness of A and b, that if theinitial estimate is positive all iterates remain nonnegative and once a
component reaches zero it stays there. So clearly the iterates remain feasible all the time. We will call (7) the basic
EMML agorithm.

Thisis the exact same agorithm derived for ML image reconstruction in emission tomography described in [3] using the
EM approach [14]. In the unmixing application, this algorithm does not solve the ML estimation problem but we keep
calling it EMML to maintain consistency with [2]. A key distinction between the unmixing and the image reconstruction
problems is that unmixing is in general an overconstrained (m>n) problem while image reconstruction is
underconstrained (m<n). This is an important issue when looking at using results on convergence of the EMML
algorithm applied to the unmixing case and to the use of block iterative algorithms to accelerate the EMML basic
algorithm (7).

Recall that we get the same equation by minimizing a distance measure. A key problem with the basic algorithm (7) is
its dow convergence rate. Later, we will review methods to speed up convergence.

3.2 ThelSRA Algorithm

The Image Space Reconstruction Algorithm (ISRA) is the multiplicative iterative algorithm to solve (1). It was
originally proposed in [6] for image reconstruction in ET based on minimizing the least squares cost function. In its
derivation, we follow an approach similar to that used for the EMML algorithm (7).

Let the Lagrangian function for (2) be given by
L(x,n)=]b~Ax|] —n"x

The necessary and sufficient conditions (because of convexity of the LS distance and R ) for an optimal point of (1) are
given by
oL(x, =z
8(x ")=Zaj(afx—bi)—uj=0 ®)

j i=1

ux; =0
wherej=1,2, ...,n and p=0. Solving for 1; in (8) resultsin

ijm:(aiTX‘ b; )a,-j =0

i=1

()
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From this equation, we can see that if x;=0, ;=0 and if x>0 then W;=0. The ISRA equation is obtained by solving for x;
in (9)

> bay (10)

The basic iterative ISRA algorithm is given by
2.ba, (11)

This algorithm was originally proposed in [6] although an earlier version appeared in [15]. Similar to (7), (11) remains
feasible all the time and once a component becomes equal to zero it stays at zero for therest of the iterations.

Other algorithms are proposed in the literature to solve the NNLS problem (2). The most commonly used a gorithm for
NNLSisthe active set strategy presented in [11] that is part of the MATLAB™ Optimization Toolbox.

3.3  Comparison with Steepest Descent

In the following sections, we will summarize convergence results for both the EMML and ISRA algorithms. Before
continuing with our discussion, it is worth mentioning that both strategies are gradient descent type algorithms. For the
distance minimization problems, the gradient descent a gorithm has the structure
§(k+1 — f(k _ D(s*(k)ag(xk)
oX
where /(x) represents either the LS or KL distances and D(x) is a positive semidefinite matrix. For the EMML

approach, set D(X)=diag{ yiX1, Y2X2, .., YnXn}, We get the descent a gorithm

kit gk )A(kzm: 1 b (12)
] ] YJ ] e~ aITX alJ
In particular, if we set
1 (12a)

YJ ~m
2.3
i=1

the basic EMML algorithm (7) results. From (12a) is clear that in the EMML agorithm individual components of the

gradient are weighted differently. Notice that (12), like equations (7) and (11), isaso amultiplicative type of iteration.

A similar approach can be followed for the ISRA algorithm. The gradient multiplicative update is given by

SO LR (13)
e (aiTxk—bi)aﬂ
i=1
By setting
1
YJ_ m
Zayjafi"

the basic ISRA algorithm (11) is obtained.

Notice that the fixed points of algorithms (12) and (13) are the solutionsto (5) and (9) respectively.
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4 CONVERGENCE ANALYSIS

41 EMML Algorithm

Convergence analysis is shown using an approach similar to that presented in [16]. Convergence results for the basic
EMML are presented in [3] and for ISRA in [8]. To show convergence, we need the following [16].

Definition 1: G(x, x ) isan auxiliary function for F(x) if the conditions
1. G(x,x)=F(x) V x
2. G(x, X)=F(x)

are satisfied.
Lemma 1: If Gisan auxiliary function then F isnon-increasing under the update
Xkt = =argminG(x,X “) (14)

Proof: F(X*)=G(x*,%x*) > G(X**,%*) > F(x*™").
Proposition 1: The function

, m m m ai_x'. (15)

G(x,X)=>_ (b, logb, —b;) +Za,x ZZb, Iogagjxl—logaJTXJ,
i=1 i= i=1 j=1 i i

isan auxiliary function for F(x)=KL(b,AX).

Proof: Need to show that conditions (1) and (2) in definition 1 hold. Condition (1) of Lemma 1 can be shown by pure
substitution. Condition (2) is equivalent to

G(x, x)- F(x) >0
By direct substitution, we get that

m X X
G(x,x)—- Zb,[logagx ZZ‘TX(og@H 2 D>O

i =

which implies that for positivity to hold, we need

X (16)
logax — Zijx[logaj j—loga‘TX,J 0

=1

Define o; = a}X', >0 and notice that E _nl(xi =1. Therefore, (16) can bere-written as
a X .
a1IXI (17)

which holds by convexity of the log function. Therefore G(x, x)z F(x) and (15) is an auxiliary function for the KL
distance.

loga, X>Z(x log 2=t

Using (15), the optimum for (14) is given by the solution of
o k+1 o m b
aG( ) ZajAkﬂ_i_Z:lTj)A(L )A(k:
i=1 “i

Solving this equation for X k*l resultsin (7), WhICh shows that each iteration of the EMML is equivalent to (4) for the KL

auxiliary function (15). Therefore, the sequence {)”(k} generated by the EMML algorithm results in

KL(b, AX*) = G(X*,x*) > G(X*"*, x*) = KL (b, AX*") . So we have a non-increasing sequence that is bounded below so
it must have an accumulation point. Because of convexity and continuity of KL, (7) converges to a solution of (5).
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Notice that KL(b,AX) =0 if the system of equations has a positive solution (i.e. is consistent). If nat, it converges to the
minimum distance solution based on the KL distance measure.

4.2  Convergence of | SRA Algorithm

The convergence of the ISRA algorithm can be done in a similar manner to that of the EMML shown in the previous
section [16]. Here, we just present the auxiliary function and leave to the reader the details of the convergence proof. The
auxiliary function for the LS cost [16] is given by

G(x,X") = F(X) + (x =X) "VF(X) + £ (x = X) 'K (X) (X = X))
where F(x) =[/Ax— b||§ and K (x’) is adiagonal matrix with diagonal €ements given by

[K (X,)]jj =
D aa X

4.3  Speeding Conver gence of the Algorithms

A major complaint about the basic algorithms (7) and (11) is their slow convergence. Examples in [2] show the basic
EMML taking severa tens to hundreds of thousands iterations to converge to the optimum which is not acceptable for
the unmixing application. The slow convergence does not come as a surprise since, however, as shown previoudy, these
algorithms are variations of the gradient descent algorithm which in general exhibit linear convergence behavior [17].
Higher order methods such as Newton’s method exhibit quadratic convergence rates and can in principle be applied to
this problem but they require ahigher computational burden when compared to the smple EMML and ISRA algorithms.

Here, we present severa methods described in the literature used to accelerate the convergence of the EMML agorithm
(7). The acceleration methods are grouped in four categories: line search, relaxation, block iterative, and power
methods.

431 Line Search Methods

Speed up in convergence speed of the EMML algorithm has been studied in the literature using several methodologies
such as line search and relaxation methods. In the gradient equation (12), the line search parameter was chosen to obtain
the EMML equation, an aternative is to choose that parameter in such away that resultsin the highest decrease in cogt,
thiswill lead to the iterative algorithm

18
- "“Z[l— b J% (18)

= 8 Xy

where ¥ is selected as follows

X" 19
Y= argminKL[b,A[f(k _YD(QK)%D (19)

and D(xX)=diag{ X1, X2, ..., Xn}. In the optimization literature [13], (19) is called a line search method. Notice that if

i=1

Sk m
M:z 1- bL a; <0, that particular component of the solution remains feasible for all values of .
X a'x* ™

However, care must be exercised when implementing (19) when one or more of the components of the gradient are
positive to avoid unfeasible solutions for the next iterate since the KL function is not defined when ax < 0 for somei.
To find the maximum step size, et usintroduce a pseudo componentwise line search parameter defined by
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& b
o0 if Z[l__aT)“(k jaij <0

Zm:[l_ bij@- otherwise

= alx« )™

From (18), we can see that an unfeasible solution isavoided by choosing the step-size parameter smaller than
<Y =t

This will ensure that >‘<j.‘*1 >0V j=1,23...,n. Theline search approach was used in [18] as a means to accelerate the

EMML. The line search approach is attractive as long as the minimization in (19) is easy to carry out. Severa
methodol ogies (e.g. Armijo’s Rule, Step halving) are proposed in the general optimization literature to reduce the burden
of solving line search problems such as (19) see[13, 17].

An interesting observation is that the line search method (19) weights all components of the gradient equally while the
EMML gives individual components different weights according to (12a). This concept is further explored in block
iterative methods to further increase the speed of convergence of the EMML agorithmsfor ET applications.
432 Relaxation Methods
In the relaxation approach, the new iterate is computed as follows
m bi
2 (20)

— a X ~

k _i=1 i _X|_<
] m
23
i=1

]
where o is called the relaxation parameter [17]. When we (0,1), this is called an underrelaxation, if we(1,00) thisis
called an overrelaxation, and when w=1 we recover the original EMML algorithm. It is pointed out in the literature [17],
that using we (1,0) can result in accelerated convergence for iterative algorithms. In our case, a large value of ® may
cause an unfeasible iterate. A little algebra applied to (20) using the pseudo step-size parameters v; introduced earlier for
the gradient approach give usthe desired bound

PN < Pha = mﬁX{Z%VT}
i=1
The optimal value for the relaxation parameter can be found using a line search type of method as follows

_ , ok L [k ok
pX _argpemL[m\m]KL(b, X +P(X X )) (21)

ok k

x.*1:>”<:.‘+o)

i X

which was used in [19]. Here X" is the basic EMML estimate (7). A step-doubling method was used in [20] that starts
with @=1 and keeps doubling it until no further reduction in the distance function is achieved. These methods suffer
from the same problem as the standard line search algorithm in that it requires evaluation of the cost function. In [21],
the following heuristic method was suggested to compute the rel axation parameter without function eval uation

k
(,)k = min{mmaxT—'_l, 4}

so that

1<0'<4
Results presented in [21] show that a significant reduction in the number of iterations is achieved using this approach.
However, no convergence analysis for this approach is presented.
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433 Block Iterative Methods

Block implementations of the EMML algorithm [4, 22, 23, 24, 25] have been studied in the literature as a means to
accelerate the convergence of the basic EMML iteration (7). Block iterative algorithms were applied to the unmixing
problem in [2] and thiswork isakey motivating factor for our discussion.

Skl
J s, X

A k+1

P ok
LKP

Figure 1: A pictoria representation of block simultaneous algorithms.

To understand the basic block concept, we will derive the block simultaneous approach [12] to the basic EMML as a
simpler way to understand the block-processing concept. A general discussion about bl ock-processing methods can be
foundin [12].

Let us partition the integer interval M={1, 2, 3, ...,m} into digjoints subsets S, such that
p
M={Js,
g=1
we can rewrite (7) using this partition as follows
b; b;
L Dl 28 D rdy (22)

Ak+1:z§(k ieSqaiX :ziesq g(k ieSqaiX

Xj j m m j

]
= Z a; 2 Z &
i=1 =1

i ieSq
Notice that what we have done here is to partition the components of the sum in (7) in (p) groups and add the results of
the sum for each subgroup. Define

23 (23)
Wq = Ien?q
3a,
i=1
b,
2 e B (24)

2 k4, Ak I€S,
Xj+q:Xj q

2.3
€S,

Substituting (23) and (24) in (22), we get the desired expression

p
(= Wk (25)
g=1
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Figure 2: A graphical illustration of block iterative methods.

Notice that wg=0 and ZZ=1Wq =1. From this expression, we can see that the EMML estimate can be expressed as the

convex combination of EMML like estimates (24) based on subsets of rows of A. Notice that )”(lk*l'q islike an EMML
estimate based only on the g-th subset of rows of A. Thistype of processing is called in the optimization literature [12] a
simultaneous block estimate where each estimate (24) is an estimate of the next iterant based on a subset of rows of A. A
pictorial representation of (25) is given in Fig. 1. Notice that this expression points to a sSmple parallel implementation
of the EMML agorithm where each processor is assigned a subset of bands and the abundance estimates are computed
simultaneously and combined according to (22). Since (22) is a simple manipulation of (7), all the optimality and
convergence properties of (7) are inherited by (22). Notice that the block simultaneous algorithm resultsin (7) for the
one block case.

Sequential processing of these blocks (as opposed to simultaneoudly) results in the sequential block iterative methods
presented in [4, 22, 23, 24, 25] for the EMML problem. Thisisillustrated pictorially in Fig. 2. In the sequential block
iterative approach, the next iterate is computed by applying the EMML to a subset of bands at each step. All subsets are
visited in acyclic fashion asfollows
b,
ZW & (26)
=gk 5 TT g =kmod(p)+1

i i
za
|eSq
Thisis the ordered subset EMML (OS-EMML) algorithm proposed in [22]. This agorithm is shown to converge under
subset balance, which is a very restrictive condition, and simulation results show non-convergence when the condition is
not met. Further improvements were proposed based on an underrelaxed version of (26) by [4, 23, 24, 25].

b
kédﬁ% o (27)
| ———X; |, g=kmod(p)+1

23

€S,
Notice that with =1, we recover the OS-EMML algorithm. The main difference between those approaches is how to
select u);( . For the block iterative EMML (BI-EMML) algorithm of [24], we have that

X

2.3 (28)
23
i=1
For therescaled BI-EMML (RBI-EMML), we get [4, 25]
Z ; Z ; (29)
o == where @, = max—
— ]
@23 23
i=1 i=1
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Finally, for the row-action maximum likelihood algorithm (RAMLA) of [23], we get

pi =X a;, where), —0ask —ecoandd A, =eo (30)
€S, k=1
If we consider the one block case, the block iterative methods become an underrelaxed iteration for the basic EMML (7).
The RBI-EMML method was applied to the unmixing problemin [2].

Convergence is shown for BI-EMML, RBI-EMML, and RAMLA in the consistent case (when Ax=b has a solution). In
the inconsistent case, results in [25] show that BI-EMML and RBI-EMML converge to a limit cycle that depends on
system dimension and noise while results in [23] show convergence for the inconsistent case but does not give clear
guidelines on how to select the relaxation parameter. Notice that in the case of the basic EMML (7) and its block
simultaneous version (25) converges to a solution even for the inconsistent case. This difference comes from the fact that
algorithms (26)-(29) do not solve the distance minimization problem (4) but a related convex feasibility problem (CFP)
[12], which can be described as finding an e ement at the intersection of a set of convex sets. The solution to a consistent
linear system of equations can be formulated as a CFP, see [12]. The basic algorithm for this problem starts with a
random guess and projects sequentially onto each convex set sequentially until convergence is achieved. In our case,

x ' isthe generalized projection of X* in the convex set

C,=%eR"|a'x=Db,forieS, | q=kmod(p)+1
q q

using the KL distance [12].

434 Power Methods
A different approach to accel erate the basic algorithms (7) and (11) was proposed in [26, 27] as follows

n

> Pea, (31)

ckil _ okl o1 & X

XI XI - m
D a,
i=1

2.bay (32)
)2:<+1 — )2:( ml=1

PICTERS

i=1

where n<2. Experimental results show that the number of iterations is reduced by a factor of n. In [10], it is shown that
this algorithm can be derived from the basic distance minimization problem (3) by substituting the positivity constraint
x>0 by (x;)"">0.

5 CONCLUSIONS

This paper tries to summarize our work on analyzing the theoretical aspects of the EMML and ISRA algorithms and
their potential application to the spectral unmixing problem. This analysis has served to clarify what can and cannot be
done with the EMML approach in the spectral unmixing application and its optimality properties.

The first important result is the fact that ISRA solvesthe ML for the unmixing application while EMML searches for the
best approximation in the KL sense. The ML estimate, from a statistical estimation point of view, is superior to the
minimimum KL distance estimate. Comparisons between the EMML and the ISRA algorithms that are presented in the
tomography literature [28] focus on the features in the reconstructed image and their common mathematical framework
[29]. From a computational point of view, the EMML (7) and ISRA algorithms (11) require the same computational
effort so from that point of view there is no clear advantage of one algorithm over the other. Outside the statistica
advantage of ISRA over EMML, it is necessary, to compare these algorithms with metrics of great relevance to the
spectral unmixing problem such as speed of convergence, and noise robustness. The final goal is a fast, reliable and
robust algorithm even if it only gives suboptimal results from an estimation point of view.
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