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Abstract

In this paper we overview current efforts in the development of inverse methods which directly
extract target-relevant features from a limited data set. Such tomographic imaging problems
arise in a wide range of fields making use of a number of different sensing modalities. Drawing
these problem areas together is the similarity in the underlying physics governing the relationship
between that which is sought and the data collected by the sensors. After presenting this
physical model, we explore its use in two classes of feature-based inverse methods. Microlocal
techniques are shown to provide a natural mathematical framework for processing synthetic
aperture radar data in a manner that recovers the edges in the resulting image. For problems
of diffusive imaging, we describe our recent efforts in parametric, shape-based techniques for
directly estimating the geometric structure of an anomalous region located against a perhaps
partially-known background.

� This work was supported in part by CenSSIS,the Center for SubsurfaceSensingand Imaging Systems,under the
Engineering Research Centers Program of the National ScienceFoundation (award number EEC-9986821) as well as
a NSF Awards #0208548 and #0139968.
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1 In tro duction

According to its Greekentomology, the word tomography refersto the synthesisof an imagecovering

a single slice (tomos) of a medium [55]. Over the past few decadeshowever this term has cometo

encompassa much broader rangeof information-extraction proceduresoperating at the single-slice

as well as volumetric level. In this paper we consider tomography to encompassany processing

method in which one seeksto obtain information concerningthe spatial variations of the physical

parameters of a medium from observations of scattered energy or radiation collected at or near

the boundary. In particular, we concentrate on limited view tomographic problems in which the

information content of data is in someway restricted, thereby complicating the problem of robustly

constructing an image. In many cases,the limitations are spatial in that the transmitting and

receivingsensorsare restricted from fully encircling regionof interest. In other cases,the limitations

are induced by the physicsof the problem which �lter the information in the data pertaining to the

distribution of the underlying parameters. Many applications su�er from both of thesedi�culties.

In this paper we provide an overview of recent work in our group on a number of \feature-based"

inversion approacheswhich can be widely employed acrossa range of limited view problems.

As background, in Table 1 we indicate a few of the many problem areas,processingobjectives,

and representativ e sensingmodalities characteristic of this classof imaging problems. While the

speci�cs of the problemsare quite variable, there are a number of commonunderlying themeswhich

imply that models and algorithms developed in one domain may be applicable in other areasas

well. One readily apparent level of commonality is provided in terms of the sensingmodalities. Low

frequencyelectromagneticsensorsareusedin a variety of geophysical aswell asmilitary applications

[25,54,62,63]. Similarly, acoustic and radar sensing play a key role in many non-destructive

evaluation (NDE), military , and biomedical imaging problem areas[1,12,14,15,21,48]. At a slightly

more abstract level, even when the sensorsdi�er, the underlying physicscan be remarkably similar.

As an example, photothermal methods for NDE, di�use-optical techniques for medical imaging,

and (in a limiting sense)electrical-resistance/impedancesensingin geophysicsand medicineall can

be described within the context of a scalar Helmholtz equation or its limiting caseof Poisson's

equation [16,41,43,44,47,65]. Thus, tools developed in one regime should in principle be portable
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to others. Finally, even when the sensorsand physicsdi�er, the underlying processingobjective can

be quite similar. For many problems, the goal is not so much a detailed image of the full medium,

but rather, the detection and characterization of anomalousregions (e.g. tumors, material 
a ws,

buried landmines, or pollution plumes) in a perhapsunknown or partially-kno wn background. For

casessuch as these, one would expect that general-purpose techniques for parameterizing these

anomaliesand background along with the algorithms for estimating these parameters from data

should again be able to function acrossa wide range of application areasand sensingmodalities.

The common structure in theselimited view problemshas led to a relatively well de�ned set of

processingschemeshaving wide applicabilit y. One the one hand, there has beensigni�cant devel-

opment in pixel-basedreconstruction strategies. Indeed, for problems employing X-ray radiation

or where the object represents a small perturbation about the background, well known, analytical

methods such as �ltered backprojection [33] or di�raction tomography [26,28] have proven remark-

ably successfulin producing high-quality images. Even when the assumptions underlying these

methods are violated, variants of theseschemesstill are employed with success.

In contrast to theseanalytical methods, a fundamentally di�eren t approach taken for the limited

view imaging problem is based on the use of variational principles in which the estimate of the

pixels in the image(or voxels in the volume) are de�ned asthe solution to an optimization problem

[3,9,27,40,47,61,64]. The optimizing functional is comprisedof one term which requires that the

recoveredimage,when passedthrough a computational model of the sensorphysics,yields a \good"

�t to the data. Other terms arealsoappendedin order to encouragethe reconstructedimageto have

certain a priori speci�ed characteristics. Theseregularizers mathematically stabilize the results of

the optimization procedure and are required to overcomethe inherent lack of information in the

data causedby the limited view nature of the problem. Most often thesecharacteristics are related

to somemeasureof the smoothnessof recovered image [4,60].

While this image-basedapproach to limited view tomography is quite 
exible and hasproven to

be quite e�ectiv e, herewe considerapproachesto this classof problemswhich are lesstuned toward

pixel recovery and moreaimedat extracting directly from the data information regarding \features"

of the unknown scenedirectly linked to the underlying processingobjective (characterization of
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buried objects, tumor localization, etc.). Thus, we are particularly concernedwith those limited

view problems that are of the anomaly detection and characterization variety.

In this �eld alone there has been signi�cant work in a number of communities over the past

ten to twenty years. In the applied mathematics and mathematical physics communities, inverse

obstacle problems have been widely studied by a number of groups. As in the imaging case,

more analytically-oriented schemesknown as dual-space[23], level-set [29,42], and linear sampling

techniques [13,22,24,32,58] have long and very interesting histories. Variational approaches to

shape reconstruction have also been a sourceof much work [19,20,35,39,46]. In the signal and

image processingcommunities, statistical techniques for estimating the structure of ellipses and

understanding boundson performanceunder assumedmodels for data noisegiven X-ray type data

have been consideredin [57]. Extension of these methods to ellipsoids was the subject of work

in [34]. As a �nal example, the abilit y to determine the structure of binary polygonal objects was

consideredin [45].

The goal of this paper is to describe somerecent work being pursued in our group in this area

of geometric feature-basedinversion for limited view tomography problems. Speci�cally we concen-

trate on two very di�eren t methods. On the analytical side, microlocal techniques are considered

for problems in airborne synthetic aperture radar (SAR) imaging. With roots in the mathemat-

ical geophysics communit y [5], these methods exploit somevery deep structure of the underlying

physics to stably producing imagery in which edge-like features are highlighted. In the SAR con-

text, theseedgesrepresent featurescharacteristic of objects on the ground which may be of military

signi�cance such as tanks, trucks, or artillery .

In terms of variational techniques, an overview of our e�orts in the application of parametric

shape basedschemesis provided. Following the work in [35,46], this approach reducesinversion

to a parameter estimation problem where the quantities to be determined describe the geometric

structure of the anomaly. Unlike this previous work, we apply our methods to a highly non-linear

tomographic imaging problem arising in di�use optical tomography (DOT) [2,7,52,53]. Here, the

move away from X-ray type of problems has lead to the synthesis of new methods for solving the

resulting optimization problem.
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While the exposition in this paper is limited to the use of SAR for illustrating the microlocal

work and DOT for the shape-basedschemes,we emphasizethat our feature-basedapproacheshave

much wider applicabilit y than thesetwo areas. In addition to its utilit y in geophysical applications,

the microlocal tomography holds promise for usein any areawheresharp edgesseparatethe object

of interest from the nominal background e.g. NDE, landmine detection, or buried facilit y imaging.

Similarly, the fact that our shape-basedmethods describe a way of parameterizing the unknown,

imply applicabilit y in a range of areasagain like landmines, but also geophysical exploration and

the like.

The remainder of this paper is organizedasfollows. In x 2 a commonphysical model su�cien tly

rich to encompassboth the SAR application as well as DOT is presented. Using this model, the

microlocal techniques are described in x 3 while the geometric methods are the subject of x 4.

Finally x 5 is devoted to conclusionsand an indication as to directions for future work.

2 Ph ysical Mo del

The physical model underlying all of the applications of interest in this paper as well as a number

of others consideredby our group and others takes the form of a scalar, frequency domain type

of Helmholtz equation or its time domain, wave-equation counterpart. We begin in the frequency

domain with

r � � (r )r � (r ) + k2(r; ! )� (r ) = s(r ) (1)

plus boundary conditions with s(r ) the sourceand ! the modulation frequency. In (1), � repre-

sents the electromagnetic,acoustic, or di�usiv e �eld. Measurements of this �eld then provide the

data for estimating the physical parametersof the medium which are related to the mathematical

coe�cien ts, � and k2. For DOT, in terms of the desiredoptical absorption and scattering param-

eters, � a(r ) and � s0(r ) respectively, we have � = 1=3� 0
s and k2 =

p
� 1! � c� a with c the speed

of light in the medium [2]. For electrical resistanceor electrical impedancetomography [16,65]

(another related classof frequency domain inverseproblems), k2 = 0, sincewe are probing at DC

and � , the electrical conductivit y for resistancetomography or complex electrical permittivit y for
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impedanceimaging, is the desiredquantit y. In the caseof higher frequencyelectromagneticinverse

problems such as SAR, the physical quantities of interest are the electromagneticpermittivit y, � ,

and conductivit y, � [8]. For this classof problems, the quantit y � in (1) is generally absorbed into

k2 which is a function of the physical parametersvia:

k2 = ! 2� 0

�
� �

p
� 1

�
!

�

A number of popular inversionmethods arealsobasedon domain integral equation formulations

of (1) [17,18,37]. Thesemodelsassumethat the imageof interest represents a perturbation about a

presumably known background. While such methods can be derived for reconstructing both � and

k2, for simplicit y, here we consideronly the later and moreover assumethat � (r ) = � 0, a constant.

To derive theseintegral equations,we start by writing k2 as

k2(r ) = k2
b (r ) + k2

p(r ) (2)

with k2
b the known (possibly spacevarying) background and k2

p the unknown perturbation. Sub-

stitution of (2) into (1) and rearranging yields

r � � 0r � (r ) + k2
b (r )� (r ) = s(r ) � k2

p(r )� (r ): (3)

The key point here is that, if k2
b is suitably chosen,one can easily, and typically analytically, solve

for the background \impulse response" of the medium. This quantit y, also known as the Green's

function and denoted G(r; r 0), is the �eld generated at a point r due to an impulsive source at

location r 0 [18,38]. Formally, we have

r � � 0r G(r; r 0) + k2
b (r )G(r; r 0) = � (r � r 0): (4)

Given knowledgeof G, by superposition, the �eld due to a spatially distributed source,say ~s(r ), is

� (r ) =
Z

R3

G(r; r 0)~s(r 0)dr0: (5)
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In the casewhere k2
b is constant, G(r; r 0) = G(r � r 0) and (5) represents a multidimensional con-

volution. For more complex backgrounds such as layered media , the Green's function is not a

spatially stationary and the convolutional nature of the integral is lost [18, Chapter 7].

To arrive at the �nal integral equation used for inverseproblems, we let ~s = s(r ) � k 2
p(r )� (r )

to obtain the second-kindintegral equation for � (r )

� (r ) =
Z

R3

G(r; r 0)s(r 0)dr0+
Z

R3

G(r; r 0)� (r 0)k2
p(r 0)dr0: (6)

The �rst term on the right hand side of (6), denoted as � b(r ), is typically called the background

�eld as it is the �eld which exists in the medium when k2
p = 0. In turn, the secondterm represents

the scattered �eld in recognition of the fact that it is the contribution to � due to interaction with

(i.e. scattering from) the perturbation.

One of the key di�culties of inversescattering problems in generalas well as the limited view

problemsof interest here is the non-linearity in the relationship of the data to the material proper-

ties. Assuming that the data we measureare either the �elds sampledat the surfaceof the medium

or linear functionals of those�eld (e.g. the convolution of the �elds with a sensorimpulse response),

the nonlinearity can be seenin two ways basedon the developments in this section. Abstractly , we

write (1), as L (� ; k2)� = s with L representing the partial di�eren tial operator r � � r + k2
b (r ) plus

boundary conditions. Then we have � = L � 1(� ; k2)s emphasizingthat even though � and k2 enter

the PDE linearly, their relationship to the �elds via the inverse of L is highly nonlinear. Alter-

natively, de�ning the integral operator G(k2) via [G(k2)]� =
R

G(r; r 0)� (r 0)k2
p(r 0)dr0, (6) indicates

that � = (I � G(k2)) � 1� b. Henceagain on the assumption that our data are linearly related to the

�eld we have

� (r ) = � b(r ) +
Z

R3

G(r; r 0)
�
(I � G(k2

p)) � 1� b

�
(r 0)k2

p(r 0)dr0: (7)

The presenceof the k2
p in the brackets again represents the underlying non-linearity of the inverse

problem.

In caseswhere the perturbation is \small" in sizeand amplitude, the determination of k 2
p from

the data is generallymadeeasierby linearizing the physicsabout the background. Such a procedure
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is known asthe �rst Born approximation [18,33] and is most easilyexplainedin terms of the integral

equation form of the physics. For k2
p small [18], the �eld in the scatterer, that is � (r 0) in the second

term on the right hand sideof (6), can be approximated as the �eld in the absenceof the scatterer,

i.e. � b(r 0). Making this substitution results in

� (r ) = � b(r ) +
Z

R3

G(r; r 0)� b(r
0)k2(r 0)dr0 (8)

which represents a simple linear relationship 1 between the unknown k2 and the data � (r ). We

note here that even when the assumptionsrequired for validit y of the Born approximation are not

ful�lled, the related Rytov approximation can often be employed with somesuccess.As explained

more fully in [33], the Rytov method also results in a linear mapping betweendata and unknown;

although the \data" in this caseare related to the complex logarithm of the ratio of � to � b.

We concludethis sectionby presenting a model for Synthetic Aperture Radar (SAR). It is in the

context of SAR that we will discussthe microlocal analysismethods. Unlike the frequency-domain

model we have beenconsideringto this point, SAR is inherently a time-domain system. Thus, we

are interested in a temporal form of the integral in (8). Obtaining such an expressionis only a

matter of an inverseFourier transform. We denote by ' the Fourier transform of � and by g the

Fourier transform of G. More speci�cally , the time domain Green's function g (de�ned to be the

value of the �eld at time t and location r due to a sourceradiating at time t 0 and position r 0) is [10]

g(t; t0; r; r 0) =
� (t � t0 � jr � r 0j=c)

4� jr � r 0j
: (9)

For SAR the quantit y to be imaged, k2
p, takes the form k2

p = ! 2V(r ) with V an e�ectiv e

\re
ectivit y function". Substituting these relations into the integral on the right hand side of the

(8) and recognizingthat frequency-domainmultiplication by ! 2 is double di�eren tiation in the time

domain yields

d(r; t) � ' (r ) � ' b(r ) =
Z

R3

V(r 0)
4� jr � r 0j

d2

dt2
' b(t � jr � r 0j=c)dr0: (10)

1Technically: a�ne relationship due to the φb term
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We note that since(8) was obtained using the Born approximation, (10) also dependson the Born

approximation.

SAR sensorsgenerally operate in free spaceenvironments. Consequently the background �eld

due to a transmitter at location r 0 takes the form

' b(r
0; t) =

Z

R

eiω(t�j r0� r0j/c)

4� jr 0 � r 0j
A1(! ; r 0; r 0)d! (11)

whereA1 is a function of the frequencycontent of the pulseand the radiating characteristics of the

antenna. Upon substituting (11) into (10) and assumingthat the receiver is co-located with the

transmitter, we obtain the �nal model

D (r; t) =
Z

R� R3

eiω(t� 2jr� r0j/c)

(4� )2jr � r 0j2
A(! ; r; r 0)V (r 0)d! dr0 (12)

with A = � ! 2A1.

To summarize: In this section we have presented a number of scattering-type models which

are employed by our group to explore the useof feature-basedinversion schemesacrossa range of

applications. For problems in di�use optical imaging, we draw most heavily on non-linear PDE

and integral equation models summarizedby equations (1) and (6). The goal of the DOT inverse

problem is to usemeasuredvaluesof �eld � to extract information concerningthe optical properties

as speci�ed in � and k2. In the caseof synthetic aperture radar, our approach is speci�ed within

the context of the �rst Born approximation in equation (12). Here we usethe scattered �eld data,

D , to estimate the re
ectivit y function, V .

3 Microlo cal Techniques

Microlocal analysis is a mathematical theory for analyzing singularities. This is of interest for

feature extraction becausethe features of interest, such as boundariesbetweendi�eren t materials

and edgesin images,can generally be described as singularities in the appropriate function. The

term \microlo cal" refers to the fact that singularities have both a location and a direction.
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3.1 Wavefront sets

We characterize target features by meansof V 's singular structure, which we describe in terms of

its wavefront set.

Mathematically the singular structure of a function can be characterized by its wavefront set,

which involves both the location r and corresponding directions � of singularities [30,31,59].

Definition. The point (r 0; � 0) is not in the wavefront set W F (f ) of the function f if there is a

smooth cuto� function  with  (r 0) 6= 0, for which the Fourier transform F (f  )( �� ) decays rapidly

(i.e., faster than any polynomial in 1=� ) as � ! 1 , uniformly for � in a neighborhood of � 0.

This de�nition says that to determine whether (r 0; � 0) is in the wavefront set of f , one should

1) localize around r 0 by multiplying by a smooth function  supported in the neighborhood of r 0,

2) Fourier transform f  , and 3) examine the decay of the Fourier transform in the direction � 0.

Rapid decay of the Fourier transform in direction � 0 corresponds to smoothnessof the function f

in the direction � 0 [59].

Example: a point scatterer If f (r ) = � (r ), then

W F (f ) = f (0; � ) : � 6= 0g: (13)

Example: a line Supposef (r ) = � (r � � ). Then W F (f ) = f (r; �� ) : r � � = 0; � 6= 0g.

Microlocal analysis can be used in two main ways for feature identi�cation:

1. One can usemicrolocal analysis to determine how featuresof the scenecorrespond to singu-

larities in the data space.Featuresin the scenecan often then be identi�ed directly from the

data. [11,56]

2. One can form an image and use microlocal analysis to determine how singularities in the

scenecorrespond to singularities in the image. Features of the scenecan then be identi�ed

from features in the image. [6,49,50]
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3.2 Features in the data

To illustrate the �rst approach, we note that in the in�nite-bandwidth case,(12) is of the form of

a Fourier Integral Operator (FIO) [30] applied to Q. The phaseof an FIO determineshow it maps

wavefront sets. In particular, the mapping betweenwavefront sets is determined by a set in phase

spacecalled the canonical relation. This set is determined by the phaseof the FIO, which in the

caseof point scatterers is the phaseof (12):

� (! ; t; r; r 0) = � ! (t � 2jr � r 0j=c): (14)

In this case,the canonical relation is

� = f
�
(t; r ; � ; � ); (r 0; � )

�
: d�=d! = 0; � = d�=dr ; � = d�=dt; � = �r r0� g

=
n �

(t; r ; � ; � ); (r 0; � )
�

: t = 2jr � r 0j=c;(� ; � ) = !
�

2! \(r � r 0)=c;1
�

;

� = 2! \(r � r 0)=c
o

: (15)

The wavefront set of the radar measurements d is obtained as the set of points (t; r ; � ; � ) for

which there is a corresponding (r 0; � ) in the wavefront set of V .

Identi�cation of the wavefront set of the data can, in many cases,be used to identify the

wavefront set of the re
ectivit y function V and thus to identify features in the scene.

Practical numerical methods for computing the wavefront set of data, however, are in their

infancy. The problem is closely related to the problem of detecting edgesin images.

3.3 Features in the image

In the secondapproach, we �rst form an image from the data using a backprojection or matched

�ltering algorithm:

I (r ) =
Z

R3 � R

eiω(t� 2jr� r00j/cQ(t; r 00; ! )d! D (r 00; t)dr00dt (16)

where Q is to be determined below.
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We plug in expression(12) for the data and do the t integration:

I (r ) �
Z

R� R3� R3

ei2ω(jr� r00j�j r00� r0j)/cQA(t; r 00; ! )V (r 00) d! dr00dr:0 (17)

This is of the form I (r ) =
R

R3 K (r; r 0)V (r 0)dr0 where

K (r; r 0) =
Z

R� R3

ei2ω(jr� r00j�j r0� r00j)/cQA(2jr � r 00j=c;r 00; ! )d! dr00 (18)

is the point spreadfunction. We want K to look like a delta function

� (r � r 0) =
Z

R3

ei(r� r0)�ξd� : (19)

The main contribution to (18) comesfrom the critical points

jr � r 00j = jr 0� r 00j

r r00jr � r 00j = r r00jr 0� r 00j (20)

If K is to look like the delta function (19), then wewant critical points only whenr = r 0. Extraneous

critical points can causeartifacts in the image. Whether such extraneouscritical points are present

or not dependson the measurement geometry and on the antenna beam pattern A.

In the neighborhood of critical points r = r 0, the following approach was suggestedby G.

Beylkin [6] . Since we want the exponent of (18) to look like (r � r 0) � � , we should do a Taylor

expansionof exponent around the point r = r 0. This results in

2! (jr � r 00j � jr 0� r 00)j)=c= (r � r 0) � �( r; r 0; r 00; ! ) (21)

where near r = r 0, �( r; r 0; r 00; ! ) � (2! =c) \r � r 0. We then make the changeof variables

(r 0; ! ) ! � = �( r; r 0; r 00; ! ) (22)
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in (18), which results in

K (r; r 0) =
Z

R3

ei(r� r0)�ξQA(r; r 0; ! )

�
�
�
�
@(r 0; ! )

@�

�
�
�
� d� (23)

The Jacobian determinant
�
�
� ∂(r0,ω)

∂ξ

�
�
� is called the Beylkin determinant.

>From comparing (23) with (19), we seethat we should take Q = 1=(A j@(r 0; ! )=@� j). With

this choice, the point spreadfunction is

K (r � r 0) =
Z

R3

ei(r� r0)�ξ � (r 0; � )

�
�
�
�
@(x; ! )

@�

�
�
�
� d� (24)

where � is a characteristic function that is one over regions corresponding to the measurement

aperture and zero for regions in which there is no data. A smooth taper should be included in �

to avoid artifacts due to edgesof the data collection region.

The formula (24) exhibits K as the kernel of a pseudodifferential operator, i.e., an FIO

with the same phase as the delta function (19). Pseudodi�eren tial operators have the desirable

pseudolocal property [59], which is that they cannot increasethe wavefront set. In this context,

since I = K V, this meansthat the wavefront set of the image is equal to, or is a subset of, the

wavefront set of the re
ectivit y function V . In other words, the image contains no singularities

that are due to artifacts.

If the viewing aperture is limited, it is possible that edgesthat are present in V might not

appear in the image I . However, we are guaranteed that all edgesin the image I do correspond to

singular features of V . Thus we can expect to identify features of V from the image I .

4 Parametric Shape-Based Metho ds

In addition to the analytically-oriented approach to feature-enhancedinversion discussedin the

previous section, we are actively pursuing research on alternate, more parametric approaches to

theseproblems. In a variety of applications as opposedto the highly structured man-madetargets

of interest in the caseof SAR imaging, one is directly concernedwith characterizing well-localized,
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amorphously shaped anomalies present in a perhaps unknown or partially known background.

Moreover, the simplifying assumptionsconcerning the sensingscenariowhich allowed for the de-

tailed analysisof x 3 may be absent. For example

1. A linearized physical model may not be su�cien tly accurate for inversion so that a fully

non-linear inverseproblem must be solved

2. The map from medium to data may be smoothing to such an extent that singularities in the

medium are not (stably) recoverable.

3. Should the anomaly-freebackground not be free space,but rather a lossyand inhomogeneous

medium, the simple Green's function which was at the heart of the microlocal methods is

replacedby a far lesstractable function making analysis all the more di�cult.

While thesecomplicating factors do not preclude the development of elegant and useful microlocal

or other analytical approaches(see[11] for somerecent work in theseareas),they certainly do make

such work far more di�cult and lesseasyto apply for processingdata from real sensingsystems.

Motiv ated in part by these issues,our group has considereda more direct approach to localizing

blob-like anomaliesin sensingproblems for which the physicso�er little simpli�cation.

The approach we have taken is to considermodels for the anomaly and perhapsthe background

that are explicitly parameterizedby the quantities of interest: size,shape, location, and contrasts.

Given data from a sensingsystem, an optimization problem is solved to determine that set of

parameters which producesa shape which best �ts the data. Here in fact, we consider a simple

squareerror criterion of the form:

E(� ) =
1
2

MX

i=1

NX

j=1

�
�wij(� i(rj; � ) � � i

obs(rj))
�
�2 : (25)

where � i(rj ; � ) is the hypothesizedresponsedue to sourcei at detector j , and is a function of a

vector of parameters, � describing the shape and contrast of the anomaly. In (25) � i
obs(rj) is the

observed responseand wij represents a weighting function.
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We have found that the use of these very low order models (i.e. the vector � contains few

parameters) leads to inversion schemes which are more e�cien t and robust than typical pixel-

basedmethods. Essentially , thesemodelshave the e�ect of regularizing the inversionproblem. The

simplicit y of this classof methods doescomeat a (small) price. First, for the approacheswe discuss

in this paper, it is necessaryto know the number of objects in the medium under investigation.

For many problems one may safely assumethis number to be one. When this is not the case,

this order determination problem remains an open one for us; although one for which well known

techniques may be applied. A secondissue is the richnessof the solution o�ered. By using only

simple parametric shapes such as spheresand ellipsoids, it is clear we can hope only to roughly

characterize the detailed shape of the anomalies. In low-resolution applications such as DOT and

ERT, this may well be the �nest level of detail supported by the data. Alternativ ely, one could

consider our approach as providing a very good initial guessfor other, more intensive inversion

schemessuch as level set methods [29,42].

In the remainder of this section, we discusstwo di�eren t methods for solving the parametric

shape optimization problem both in the context of di�use optical tomography (DOT). In x 4.1,

a Gauss-Newtontype of optimization approach basedon the integral equation formulation of the

physicsis employed to estimate the parametersof an ellipsoid-shaped inclusion in the tissueoptical

properties. Alternativ ely, a PDE formulation is used as the basis for an adjoint-�eld approach

to �tting a spherical shape again to an absorption anomaly in x 4.2. The results presented are

meant to provide a preliminary demonstration as to the potential utilit y of this classof methods

for problems such as DOT. They are not meant to be the �nal word on the issue. Indeed, a major

focusof our work in the coming yearsis the evaluation of the \lessonslearned" from pursuing these

varying algorithmic strategiesand shape models to arrive at a more coherent meansof determining

the correct model/algorithm pair for a given application.
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4.1 A Gauss-Newton Approach to Ellipsoid Optimization

The goal of this work has been the development of methods for characterizing anomalies in the

space-varying optical absorption coe�cien t, � a(r )2, when the background may not be completely

known. To begin, we assumefor a moment that the boundary of the anomaly is known. Then we

can de�ne S(r ) as the characteristic function

S(r ) =

8
><

>:

1 r 2 anomaly

0 otherwise

Next, we assumethat the value of the perturbation at a point in the background tissue can be

expressedin as the linear combination of a small number, say N b, of known basis functions. We

assumethe sameabout the value inside the anomaly, although the number, N a of basis functions

and the type may be di�eren t [35]. We now de�ne the value of the perturbation function at the

point r according to

� a(r ) = S(r ) B1(r )
| {z }
1� Na

Na� 1
z}|{

� +[1 � S(r )] B2(r )
| {z }
1� Nb

Nb� 1
z}|{

� :

Notice that B1(r ) (lik ewiseB2(r )) is a row vector whosecolumns are the values of the anomaly

(background) basis functions at r , and the components in � (� ) are the expansioncoe�cien ts.

Upon discretization, the equation becomes

� a = SB1� + (I � S)B2� (26)

where S now represents a diagonal n � n matrix with 1's and 0's on the diagonal, I denotesthe

identit y matrix of the samesizeand

B1 2 Rn� Na; B2 2 Rn� Nb

� 2 RNa ; � 2 RNb :

2Recall fromx 2 that µa enters problem via the squared wavenumber, k2.
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Thus, if S is known, there area total of Na+ Nb unknowns that weneedin order to de�ne g. The

idea is then to implicitly de�ne S in terms of a small number of unknowns. For two dimensional

problems, describing the boundary in terms of a b-spline basis proved useful [35,46]. For three

dimensional problems of current interest to us, shapes such as spheresor ellipsoids are su�cien t,

and theseideasare presented below.

We begin by characterizing an ellipsoid as in [36], and consider the sphereas a special case.

To completely characterize an ellipsoid, we need only the lengths of the semi-axescontained in a

3-length vector v, a centroid location contained in a 3-length vector c, and a set of orthogonal basis

vectors describing the orientation of the axeswhich can be implicitly de�ned in terms of a 3-length

vector of Euler angles,say � . This leadsto a total of 9 unknowns that must be determined to �nd

an ellipsoid. If the object is assumedto be a sphere,v becomesa scalar and the � vector is not

needed,leaving a total of 4 unknowns that must be determined.

Giventhe precedingdiscussionand our model, the 3D \in verse"problem, in the caseof ellipsoids,

becomes

min
α,β,c,v,θ

kW (d � h(�; � ; c;v; � ))k2
2 ; (27)

where d represents the measureddata vector stacked over all sources,h represents the nonlinear

forward operator, and W is a diagonal weighting matrix used to whiten the data. In the special

caseof spheres,the optimization problem further simpli�es to

min
α,β,c,v

kW (d � h(�; � ; c;v))k; (28)

where v is scalar.

Notice that we have reducedthe search spaceconsiderably: instead of optimizing over Rn, we

are optimizing over the Na + Nb entries in � and � and the 9 entries in the vectorsc;v; � (or 4 entries

in the sphericalcase). In [36], an integral equation formulation is usedfor the forward problem and

the inverseproblem is solved via a modi�ed Gauss-Newtonapproach. In that work, the authors

illustrated through experiments that this method can provide useful results for very limited data.
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4.1.1 Example 1: Sphere

The true values, initial guesses,and �nal estimatesof all relevant parameters for the problem are

shown in Table 2. Here, we have taken N b = 3. The columns of B2 are generatedas

B2 = [sin(3x) + 1; cos(8y): � sin(2y) + 1; sin(5z) + 1]:

We note that the background perturbation was found to have a maximum of 9.97e-3,a minimum

of 1.74e-5,and an averagevalue of 4.96e-3.The initial spherewas the largest such structure, with

centroid at the center of the region of interest (ROI), that would �t inside the ROI, namely, a sphere

of radius 2 cm, centered at x = 0; y = 0; z = 3. Initial guessesfor � and � werebasedon a separate

Gauss-Newtonsolve holding the sphere/ellipsoidal parameters�xed. For more information on how

we obtained starting guessesfor � and � , see[36].

To illustrate the promise of our inversion approach, the B 2 used in the reconstruction was the

sameas that for the true image; however in [36] it is shown that it is possibleto reconstruct using

a mismatched model with varying degreesof success. The starting guessat the sphere was the

largest sphere,with centroid at the center of the region of interest, that would �t inside the region

of interest, namely, a sphereof radius 2 cm, centered at x = 0; y = 0; z = 3.

Theserecovered parameter valuesin Table 2 lead to a �nal estimate of S having only a 12 voxel

mismatch. Thus, by correctly modeling the background perturbations, we can obtain a signi�cant

improvement in localization and in the estimated value of � . Figure 2 shows slicesin height z of

the reconstruction. The colormap used in Figure 2 is the sameas the colormap used in Figure 5.

4.1.2 Example 2

Now we specify a \lump y" background for the true image using N b = 3 and B2 = [sin (! x) +

1; sin (� y) + 1; sin (�z ) + 1]T , with ! = 7; � = 3; � = 4. This gives a max background perturbation

value of 1:20e � 2, a minimum perturbation value of 3:07e � 5 and an averageof 5:98e � 3.

Table 3 provides the true valuesand estimations results for the object and background in this

experiment. Slicesof the true background perturbation at various depths are given in Figure 3.
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Note that di�eren t anglescan a�ect essentially the samerotation (i.e. the � i are not unique), sowe

report them only for completeness(the Figure illustrates our algorithm did very well determining

the correct rotation). There wasonly a 21 voxel mismatch. The value inside the anomaly is slightly

too small and is due to the fact that the reconstructed anomaly is slightly too big (overestimating

the size and underestimating the value inside the anomaly go hand in hand). Cross-sectionsin

height z are illustrated in Figure 4.

4.2 Adjoint Field Methods for Determining Best-Fit Spheres

As an alternate to the work in [36,46] in which a Gauss-Newton optimization approach based

on an integral equation form of the di�usion model was used to determine the structure of an

ellipsoidal shapeaswell asthe \texture" coe�cien ts, we have alsorecently beenexploring the useof

gradient-t ype of adjoint-�eld methods basedon the underlying PDE for solving shape-basedinverse

problems. The Gauss-Newtonmethod convergesat a faster rate than a steepest descent of non-

linear conjugate gradient approach. However, computation with the integral equation nominally

requires the storage and manipulation of large densematrices for solving the forward problem.

The PDE-basedmethod requiresonly sparse-matrix storageand manipulation. One area of future

work in our group is to examine in more detail the tradeo�s inherent in thesechoicesand perhaps

devising new methods which combine the best of each approach.

To begin our overview of the adjoint �eld method, we note that a key element of any gradient-

basedalgorithm (e.g. steepest descent or non-linear conjugate gradient) for minimizing E in (25)

is the e�cien t computation of the functional gradient, or Fr�echet derivative, of E with respect to a

change in � a(r ). As shown in [51] this can be accomplishedas r µa(r)E(r ) =
P M

i=1 Re
h

~� i(r )� i(r )
i

where ~� i(r ), the adjoint �eld due to sourcei , satis�es the adjoint PDE:

�r � r � (r ) ~� i(r ) + (� a(r ) +
j !
c

) ~� i(r ) = ~s(r ) (29)
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where the adjoint sourceis de�ned by

~s(r ) =
NX

j=1

�
wij(� i(r j) � � i

obs(r j))
� �

� (r � r j) (30)

with v the speedof light in the medium. In a sense,(29) indicates that, for each source,we compute

~� i(r ), by propagating the complexconjugateof the weighted error at the receivers into the medium.

Using the functional derivative, we can iterativ ely minimize our error measure,(25), by meansof

standard optimization methods, such as the nonlinear conjugate gradient algorithm. The primary

advantage of the adjoint �eld method is that we can compute the Fr�echet derivative by computing

a single forward solve for each source;this is a large saving comparedto the useof �nite di�erences

to approximate the gradient for each degreeof freedomin the reconstruction.

Our primary interest in the adjoint �eld approach hasbeenin the context of parametric, shape-

basedinversionschemes.We have concentrated on the problem of determining the sizeand location

of an absorption anomaly which is assumedto take the form of a spherewith center (x o; yo; zo),

radius r and � o
a in a known background � b

a:

� a(r ) = � b
a(r ) + (� o

a(r ) � � b
a(r ))H (O(r )) (31)

O(r ) = r 2 � (x � xo)2 � (y � yo)2 � (z � zo)2

In the above, H (r ) is the Heaviside step function, and O(r ) is the object shape function.

The gradient of the error with respect to a parameter p of O(r ) is:

@E
@p

=
Z

R3

Re(
MX

i=1

~� i(r )� i(r )) � (O(r ))
@O(r )

@p
d3r (32)

For example, for the spherical object function, the gradient of the error with respect to x o is:

@E
@xo

=
Z

R3

2(x � xo)� (O(r )) r µa(r)Ed3r (33)
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4.2.1 Examples

As an example,we considerthe caseof determining the location, radius, and contrast of a spherical

absorbing inhomogeneity within a cube with dimensions6� 6� 6cm. A re
ection geometry is used,

with sourcesand detectors interlaced on the z = 0 plane. The background absorption is 0:05cm� 1,

while that of the absorbing sphereis 0:3cm� 1, and a value of 15cm� 1 for � s was used.

We seein Fig. 5 and 6 that the absorber is characterized and located with fairly high accuracy.

In Fig. 5 we show the progressionof the estimates for the object center as function of algorithm

iteration. We start from an initial point in the parameter spaceand, at each iteration, conduct a

line search in the direction of the gradient to minimize the error function. In contrast, Fig. 7 shows

a full nonlinear reconstruction of the absorption within the cube with regularization parameter 0:1.

Here � a is estimated independently at 27000voxel positions. In the absenceof prior information

about the form of the solution, the inversion poorly estimates the volume and the absorption of

the inhomogeneity.

As a secondexample, we examine the utilit y of the approach for the processingof real data.

The data wereproducedby an experimental apparatus at Massachusetts GeneralHospital (MGH).

As illustrated in Figure 8(a), a transmission geometry is consideredwith 30 sourceslocated at the

z = 0 plane and a collection of nine receivers at the plane z = 4:5cm. Ground truth consisted

of an absorbing sphere of radius 1 cm positioned in the center of a homogeneousbackground.

The optical properties of the sphereare not known. Those of the background are � a = 0.023/cm

and � s0 = 10/cm. The �nal result of the algorithm are shown in Figure 8(a) and in the the

remaining sub�gures we plot the error in the location, size, and contrast of the sphere. Clearly,

thesepreliminary results indicate the potential utilit y of the method for real applications.

5 Conclusions and Future Work

In this paper, we have provided an overview of a number of feature-enhancedmethods of use in

limited-view, tomographic typesof imaging problems. The underlying physicsfor all of our methods

wascaptured in the frequencydomain using a scalarHelmholtz equation or in the time domain, via
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its wave equation counterpart. Two generalclassesof methods wereconsidered.Microlocal analysis

provided a powerful approach for using the limited data to obtain imagesin which objects' edges(or

other discontinuities) are naturally enhanced.Preliminary results indicate that this method holds

somepromisefor synthetic aperture radar imaging. For problemssuch asdi�use optical tomography

or electrical resistance/impedancetomography, where the modeling assumptions underlying the

microlocal work do not hold, we have discussedparametric, shape-oriented methods for estimating

the structure of discrete anomalieslocated in a perhapsunknown background. Thesemethods all

revolved around the useof optimization proceduresfor determining the parametersgoverning the

location, shape, orientation, and contrast of the unknown anomaly as well as the background.

Given the results and methods discussedhere, a number of issuesare immediately apparent

for future work. First and foremost is the validation of these methods using real sensordata. In

the medical imaging communit y for example, inverseproblems associated with CAT, MRI, and to

a lesserextent, ultrasound, are solved on a daily basis by practitioners all over the world. Such

is not the casefor the applications and the algorithms consideredin this work. Obtaining high-

quality, well-calibrated data (such as those used in x 4.2.1) which can be used to rigorously test

the utilit y of these methods \in the �eld" requires as much if not more e�ort than the initial

algorithm development itself. Thus, a key focus of our e�ort in the near future is to collaborate

with practitioners acrossa number of �elds to develop new methods for streamlining the process

of algorithm validation and then to actually examine whether, in practice, these methods will be

useful.

Additionally , we are actively pursuing the extension and merging of the methods contained in

this paper as well as other under investigation. Using the microlocal techniques in conjunction

with low-order-modeling methods such as those in x 4.1 to allow for edge-enhancedimaging in

the presenceof inhomogeneousbackground is another possibility. Finally, we are actively pursu-

ing work in adjoint �eld methods for problems in which multiple ellipsoids might be required to

adequately localize anomalies. Combining these techniques with other, non-parametric geometric

inverse schemessuch as level set methods may prove useful. Finally, dealing with problems in

which localized anomalousbehavior may be present in more than one physical parameter (e.g. op-
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tical absorption and scattering in DOT) provides us with someinteresting challengesin the area

of feature-basedinversemethods.
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Table Captions

1. Problem and SensorCharacteristics

2. Estimation results for SphereRecovery Example

3. Estimation results for Ellipsoid Recovery Example

Figure Captions

1. True image for example1, slicesin depth from left to right and top to bottom. Colormap is

truncated to show the background variation (units are in 1/cm) so the anomaly with a value

of .15 1/cm appearsin bright white.

2. Reconstructed image for example 1. The colormap used is the sameas for the true image.

The reconstructed anomaly has a value of .168 1/cm.

3. True image for example2, slicesin depth from left to right and top to bottom. Colormap is

truncated to show the background variation (units are in 1/cm) so the anomaly with a value

of .15 1/cm appearsin bright white.

4. Reconstructed image for example 2. The colormap used is the sameas for the true image.

The reconstrucedanomaly has a value of .13 1/cm.

5. Center of hypothesizedabsorber at each iteration

6. Hypothesizedr and � a at each iteration

7. Regularizednonlinear inversion and true solution

8. Results of processingwith real data
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Parameter Initial guess Final estimate True Value
� .007 0.168 N/A
� (.002,.0007,.003) (0.002, 0.002,0.001) (.002, .002, .001)

Center (cm) (0,0,3) (-0.600, 0.999,3.390) (-0.6,1.0,3.4)
Radius (cm) 2 0.755 0.800

Table 2:
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Parameter Initial guess Final estimate True Value
� 0.007 0.130 N/A
� (0.003,0.002,-4.41e-6) (0.002, 0.001,0.003) N/A

Center (cm) (0,0,3) (0.69, -0.91, 2.41) (0.7, -0.9, 2.4)
Semi-axes(cm) (3, 2.9, 2) (0.824, 1.1, 0.531) (1.1, 0.5, 0.8)

Rotation angles(rad) 2 (0.531, -1.49, 0.78) (� =4; � =4; 0)

Table 3:
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Figure 5:

37



Figure 6:
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(a) Localization results for real data example (b) Error in position as a function of iteration

(c) Error in estimated radius as a function of itera-
tion

(d) Value of cost function as a function of iteration

Figure 8:
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